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Mathematical

Problem 1. Find the smallest positive
integer n with the following property:
There does not exist an arithmetic
progression of 1999 terms of real
numbers containing exactly n integers.

Problem 2. Let a;,a,, ... be a sequence

of real numbers satisfying
ai+j Sai-i-aj for all i,j= 1, 2, e .
Prove that
a, a a
agF 22y
2 3 n

for each positive integer n.

Problem 3. Let I7 and I, be two
circles interecting at P and Q. The
common tangent, closer to P, of I} and
I, touches I at A and I, at B. The
tangent of I at P meets I, at C, which
is different from P and the extension of
AP meets BC at R. Prove that the
circumcircle of triangle POR is tangent
to BP and BR.

(continued on page 4)
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Problem Corner

We welcome readers to submit solutions
to the problems posed below for
publication consideration.  Solutions
should be preceeded by the solver’s

name, home address and school
affiliation. Please send submissions to
Dr. Kin Y. Li, Department of

Mathematics, Hong Kong University of
Science and Technology, Clear Water
Bay, Kowloon. The deadline for
submitting solutions is October 1, 1999.

Problem 86.
equations:

\E(Hxiy}z
ﬂ(u ! ]=4\/5.
x+y

(Source: 1996 Vietnamese Math Olympiad)

Solve the system of

Problem 87. Two players play a game
on an infinite board that consists of 1x1
squares. Player I chooses a square and
marks it with an O. Then, player II
chooses another square and marks it with
X. They play until one of the players
marks a row or a column of 5 consecutive
squares, and this player wins the game. If
no player can achieve this, the game is a
tie. Show that player II can prevent
player I from winning. (Source: 1995
Israeli Math Olympiad)

Problem 88. Find all positive integers n
such that 3"7' +5"7! divides 3" +5" .
(Source: 1996 St. Petersburg City Math
Olympiad)

Problem 89. Let O and G be the
circumcenter and centroid of triangle
ABC, respectively. If R is the
circumradius and r is the inradius of ABC,

then show that OG < R(R-2r).

(Source: 1996 Balkan Math Olympiad)

Problem 90. There are n parking spaces
(numbered 1 to n) along a one-way road
down which n drivers dy,d,,...,d,, in

that order are traveling. Each driver has
a favorite parking space and parks there
if it is free; otherwise, he parks at the
nearest free place down the road. (Two
drivers may have the same favorite
space.) If there is no free space after his
favorite, he drives away. How many lists
a,a,,...,a, of favorite parking spaces

are there which permit all of the drivers

to park? Here a; is the favorite parking
space number of d;. (Source: 1996 St.
Petersburg City Math Olympiad)

s st st ste gtttk sk sk sk sk sk skosk

Solutions
skeskoskoskoskeosk skskoskosk skskoskskosk skosk

Problem 81. Show, with proof, how to
dissect a square into at most five pieces
in such a way that the pieces can be
reassembled to form three squares no two
of which have the same area. (Source:
1996 Irish Math Olympiad)

Solution. SHAM Wang Kei (St. Paul's
College, Form 4).

In the following diagram, A and B can be
reassembled to form a 2020 square and
E and F can be reassembled to form a
12x12 square.

16 3

!
fe- 4 > D -
M
L - 4 > 4
I I 3> E
. \L 4> T
B T I pe—3 == _
B s o™
L A, ik
u l %
25%23
Other recommended solvers: CHAN

Man Wai (St. Stephen's Girls' College,
Form 4).

Problem 82. Show that if n is an integer
greater than 1, then n* +4" cannot be a
1977  Jozsef
Kurschak Competition in Hungary).

Solution. Gary NG Ka Wing (STFA
Leung Kau Kui College, Form 6) and NG

Lai Ting (True Light Girls' College,
Form 6).

For even n, n* +4" is an even integer
greater than 2, so it is not a prime. For
odd n>1, write n=2k—-1 for a

positive integer k >1. Then nt+4" =

n? +2" +2%n) .

prime number. (Source:

Since the smaller

factor
22k—2

n?+2" —2Kkp=m-2KNH2 4

>1,n* +4" cannot be prime.

Other recommended solvers: FAN Wai
Tong (St. Mark's School, Form 6), LAW

Ka Ho (Queen Elizabeth School, Form 6),
SHAM Wang Kei (St. Paul's College,
Form 4), SIU Tsz Hang (STFA Leung
Kau Kui College, Form 4) and TAM Siu
Lung (Queen Elizabeth School, Form 6).

Problem 83. Given an alphabet with
three letters a, b, ¢, find the number of
words of n letters which contain an even
number of a's. (Source: 1996 Iialian Math
Olympiad).

Solution I. CHAO Khek Lun Harold
(St. Paul's College, Form 4) and Gary
NG Ka Wing (STFA Leung Kau Kui
College, Form 6).

For a nonnegative even integer 2k <n,
the number of n letter words with 2k a's
is C5. 2"k The answer is the sum of
these numbers, which can be simplified
to Q+D"+2-D"/2
binomial expansion.

Solution II. TAM Siu Lung (Queen

Elizabeth School, Form 6).
Let S, be the number of n letter words

using

with even number of a's and T,, be the
number of n letter words with odd
Then S, + 7T, = 3".

Among the §, words, there are T, ;

number of a's.

words ended in a and 2S,_; words
ended in b or c.
T,_1+28, .
2T,y .  Subtracting these, we get
S, - T,=8,4-T,4 So
S,-T,=81-T=2 -1=1. Therefore,
S, =@G"+D/2.

So we get S, =
Similarly 7, =S, +

Problem 84. ILet M and N be the
midpoints of sides AB and AC of AABC,
respectively. Draw an arbitrary line
through A. Let Q and R be the feet of the
perpendiculars from B and C to this line,
respectively.  Find the locus of the
intersection P of the lines QM and RN as
the line rotates about A.

Solution. CHAO Khek Lun Harold
(St. Paul's College, Form 4).

Let S be the midpoint of side BC. From
midpoint theorem, it follows ZMSN =
ZBAC. Since M is the midpoint of the
hypotenuse of right triangle AQM, we
get /BAQ = ZAQM . Similarly, ZCAR
= ZARN.

If the line intersects side BC, then either
ZMPN = ZQPR or ZMPN + ZQPR =

180°. In the former case, ZMPN =180°
_/POR-/PRQ = 180° —ZAQM -
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ZARN =180° —ZBAC . So ZMPN +

ZMSN =180° . Then, M, N, S, P are
concyclic. In the later case, ZMPN =
ZPOR+ ZPRQ = ZAQM + ZARN =
ZBAC = ZMSN . So again M, N, S, P
are concyclic. Similarly, if the line does
not intersect side BC, there are 2 cases
both lead to M, N, S, P concyclic. So the
locus is on the circumcircle of M, N, S.
Conversely, for every point P on this
circle, draw line MP and locate Q on line
MP so that QM = AM. The line AQ is the
desired line and QM, RN will intersect at
P.

Comments: The circle through M, N, S is
the nine point circle of AABC. As there
are 4 cases to deal with, it may be better
to use coordinate geometry.

Other commended solvers: FAN Wai
Tong (St. Mark's School, Form 6) and
TAM Siu Lung (Queen Elizabeth
School, Form 6).

Problem 85. Starting at (1,1), a stone is

moved in the coordinate plane according

to the following rules:

(a) Form any point (a, b), the stone can
be moved to (2a, b) or (a, 2b).

(b) From any point (a, b), the stone can
be moved to (a—b,b) if a > b, or

to (a,b—a) ifa<b.

For which positive integers x, y, can the
stone be moved to (x, y)? (Source: 1996
German Math Olympiad)

Solution. Let gcd(x, y) be the greatest
common divisor (or highest common
factor) of x and y. After rule (a), the gcd
either remained the same or doubled.
After rule (b), the gcd remain the same.
So if (x, ¥) can be reached from (a, b),
then ged (x, y) = 2" gcd(a, b) for a
nonnegative integer n. If a =b =1, then
ged(x, y) = 2.

Conversely, suppose ged(x, y) = 2" . Of
those points (a, b) from which (x, y) can
be reached, choose one that minimizes
the suma + b. If a or b is even, then (x, y)
can be reached from (a/2, b) or (a, b/2)
with a smaller sum. So a and b are odd.
If a > b (or a < b), then (x, y) can be
reached from ((a + b)/2, b) (or (a, (a +
b)/2)) with a smaller sum. So a = b.

Since 2" = ged(x, y) is divisible by a =
gcd(a, b) and aisodd,soa =b=1. Then
(x, ¥) can be reached from (1, 1).

Olympiad Corner

(continued from page 1)

Problem 4. Determine all pairs (a, b) of
integers with the property that the

numbers a2 +4b and b% +4a are both
perfect squares.

Problem 5. Let S be a set of 2n+1
points in the plane such that no three are
collinear and no four concyclic. A circle
will be called good if it has 3 points of S
on its circumference, n—1 points in its
interior and n—1 in its exterior. Prove
that the number of good circles has the
same parity as 7.

Equation x4 y4 =z4

Recall the following theorem, see

Mathematical Excalibur, Vol. 1, No. 2, pp.

2, 4 available at the web site

www.math.ust.hk/mathematical_excalibur/

Theorem. If u, v are relatively prime
positive (i.e. u#, v have no common prime
divisor), u > v and one is odd, the other

even, then 2_,2 , b=2uv,

C:MZ

a=u
+v? give a primitive solution of

a2 +p%=¢2 (i.e. a solution where a, b, ¢
are relatively prime). Conversely, every
primitive solution is of this form, with a
possible permutation of a and b.

Using this theorem, Fermat was able to
show x4+y4 =z* has no positive

integral solutions. We will give the
details below.

It is enough to show the equation

x? +y4 =w? has no positive integral

2

solutions.  Suppose x4+ y4 =w” has

positive integral solutions. Let x=a,

y=b, w=c be a positive integral
solution with ¢ taken to be the least among
all such solution. Now a, b, ¢ are
relatively prime for otherwise we can
factor a common prime divisor and reduce
c to get contradiction. Since

(az)2 +(l)2)2 =c? , by the theorem,
there are relatively prime positive integers
u, v (one is odd, the other even) such that
a’=u’-v? R b? =2uv s c=u’+v2.
Here u is odd and v is even for otherwise

a’=-1 (mod 4), which is impossible.

Now a2+v2:u2 and a, u, v are

relatively prime. By the theorem again,
there are relatively prime positive integers

s, t such that a:s2—t2, v = 2st,
u=s>+12. Now b2 =2uy =
4st(s2+t2). Since sz,tz,s2+t2 are

relatively prime, we must have s= ez,
t= f2,s2 +12 = g2 for some positive
integers e, f, g. Then et + f4 = g2 with

2442 2 This

gSg2 =s"+t"=u<u” <c
contradicts the choice ¢ being least.
Therefore, Xt y4 = w2 has no positive
integral solutions.
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IMO1999

This year the International Mathematical
Olympiad will be held in Romania. Based
on their performances in qualifying
examinations, the following students are
selected to be Hong Kong team members:

Chan Ho Leung (Diocesan Boys’ School,
Form 7)

Chan Kin Hang (Bishop Hall Jubilee
School, Form 5)

Chan Tsz Hong (Diocesan Boys’ School,
Form 7)

Law Ka Ho (Queen Elizabeth School,
Form 6)

Ng Ka Wing (STFA Leung Kau Kui
College, Form 6)

Wong Chun Wai (Choi Hung Estate
Catholic Secondary School, Form 6)

Both Chan Kin Hang and Law Ka Ho
were Hong Kong team members last year.
This year the team leader is Dr. Tam Ping
Kwan (Chinese University of Hong Kong)
and the deputy leader will be Miss Luk
Mee Lin (La Salle College).
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Corrections

In the last issue of the Mathematical
Excalibur, the definition of power
given in the article Power of Points
Respect to Circles should state "The
power of a point P with respect to a

circle is the number d 2—r2 as

mentioned above." In particular, the
power is positive when the point is
outside the circle. The power is 0 when
the point is on the circle. The power is
negative when the point is inside the
circle.




